Supporting Information
1 Materials and Methods
CreateFibril: Rigid Affine Transformations
Affine Transformations are represented by mathematical matrices which we use to act on the atom positions of proteins stored in PDB files. The translation matrix is capable of moving atoms, and when applied to a protein's atom positions it produces the effect of moving the protein in 3D space. We represent an atom in the following homogenous representation,
where a x , a y , and a z , are how far a lies in the direction of the x-axis, y-axis, and z-axis, respectively. To move the atom a by a distance d x in the x-axis direction, d y in the y-axis direction, and d z in the z-axis direction, we apply the following translation matrix T (d),
onto the homogenous representation of a in the following way
Ignoring the 1 at the very bottom of a , we observe that the point a is in fact a translation of a distance of d x in the x-axis direction, d y in the y-axis direction, and d z in the z-axis direction, as wanted. This way, we can move a whole protein in space a distance d by applying T (d) onto all its atom positions. Furthermore, we apply T (d) to copies of an amyloid protein and force them to aggregate side-by-side and simulate the assembly of fibrils.
The second type of Rigid Affine Transformation matrices we find useful is rotation matrices. We can rotate points in a 3D space around the x-axis, y-axis, or z-axis using standard affine transformation rotation matrices.
For example, to rotate the atom representation, a, about the x axis by θ degrees counterclockwise we multiply it by the following matrix,
Similarly, to rotate a about the y-axis by α degrees counterclockwise we multiply it by the following matrix,
Also, to rotate a about the z-axis by β degrees counterclockwise we multiply it by the following matrix,
We are not constrained to rotations about the x, y, and z axes only. Correctly combining the three rotation matrices above allows to rotate about any arbitrary axis. The power of Affine Transformations lies in the fact that we can combine and chain many transformation operations on a single point, or atom in this case.
The amyloids that make up fibrils have been reported to aggregate together and rotate slightly with every monomer addition about a fibril axis. The translation and rotation matrices applied together enable us to model this fibril aggregation-rotation phenomenon. For our computational framework, we meticulously derive the fibril axis and transformation matrices that build our fibrils next.
CreateFibril: Fibril Axis Matrix
CreateFibril rotates aggregates around a fibril axis by θ degrees and moves them along the axis by d angstroms by computing a transformation matrix F θ,d that applies rotation and translation matrices on the amyloid protein models.
The general idea behind constructing F θ,d is to first move the protein a distance of d angstroms along the fibril axis by applying a translation matrix T (d). To rotate the protein around the fibril axis, we move the fibril axis to the origin, rotate the axis so that it aligns with either the x, y, or z axis, apply a standard rotation transformation to it by θ degrees with respect to the chosen axis, and then return the fibril axis to its original position in space. This procedure involves a combination of translation and rotation matrices that we believe is worthy of explaining. Without loss of generality, given a point p lying in the -x, -z, +y direction for which the fibril axis passes through, we translate the system that contains our fibril axis and shifted protein atoms by T (−d − p). This operation translates all the objects in our system towards the origin. The fibril axis now passes through the origin and all distances between the atoms and the fibril axis are preserved.
We will choose to align the fibril axis with the x-axis. To do so, we first need to rotate the fibril axis by φ degrees to intersect the x-y plane, and then rotate it by ψ degrees to align it with the x-axis. Therefore, we need to apply the rotation matrix R y (φ) to the fibril axis to intersect the x-y plane followed by the rotation matrix R z (ψ) to rotate the fibril axis along the z-axis and align it with the x-axis.
We are now in a position to rotate our protein atoms around the fibril axis by θ degrees. We use the standard x-axis rotation transformation since the x-axis and the fibril axis are aligned at this point. We apply the rotation matrix R x (θ) to the fibril axis and the protein. The fibril axis rotates around itself, while the protein atoms rotate around the fibril axis.
To conclude, we need to move our fibril and protein back to their initial positions in space. To undo all axis positioning rotations and translations we rotate the axis back by ψ degrees with R z (−ψ) followed by −φ degrees around the y-axis with R y (−φ). We finally translate the axis and the protein back by T (d + p). This puts the fibril axis exactly back where it was and achieves our desired rotation of the protein atoms by θ degrees around the fibril axis. Hence our fibril axis rotation matrix is,
where O −1 and O are defined as,
The last piece of the puzzle is to explain how to obtain the correct values for φ and ψ. The φ angle is the angle needed to rotate the fibril axis to intersect the x-y plane, i.e., the angle between the fibril axis and the x-y plane. To find φ, we set v to be the projection of the fibril axis on to the x-z plane (v is the fibril axis with the y component set to 0) and we set w to be a vector on the x axis (w is the fibril axis with the y and z component set to 0) and make use of the following dot product property to find φ,
With this φ value, we can rotate our fibril axis to fall into the x-y plane and denote it as f . If we set vector l to be the projection of the fibril axis in the x-y plane (l is f with the y component set to 0) then we can find ψ by,
is dynamically calculated in CreateFibril whenever a rotation by θ and translation by d is needed. Supplying CreateFibril with values for d and θ creates fibrils that elongate at a distance d apart and rotate an angle of θ degrees about the fibril axis. 
